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Acoustoelasticity is a method for evaluating the state of stress in a 
material by making measurements of the relative velocity change of an 
ultrasonic wave propagating through the stressed medium. The physical 
basis of this technique is the slight nonlinearity found in the 
stress-strain curve in the elastic region. This nonlinearity is often 
characterized by the introduction of two types of elastic constants: 
second-order elastic constants (SOEC) which describe the material behavior 
in the absence of stress, and third-order elastic constants (TOEC) which 
describe the nonlinearity. 
Most engineering designs, however, are based on the assumption that 
the stress and strain are linearly related under elastic deformation. Such 
commonly used parameters as Young's modulus and Poisson's ratio are then 
regarded as constants. The nonlinearity which leads to the acoustoelastic 
behavior would indicate that these two parameters are not in fact 
constants, but instead vary with the application of stress. The purpose 
of this paper is to examine the extent to which these parameters vary. In 
doing this, we predict the expected change in Young's modulus and 
Poisson's ratio for a particular aluminum alloy (7039-T64) and compare 
these predictions to measurements of the changes made during uniaxial 
tension and compression tests. In addition, calculations of the expected 
changes for a variety of other engineering materials are presented. The 
results presented here show that the relative change in Young's modulus 
during uniaxial loading is on the order of 10 times the elastic strain for 
a wide range of metals. 
VARIATION OF YOUNG'S MODULUS AND POISSON'S RATIO 
Let the vectors X and x, with components XA and Xi' represent the 
position of a material point of a body in the undeformed reference 
configuration and the elastically deformed configuration, respectively. 
Throughout this work, boldface letters denote a vector or tensor, Latin 
indices range from 1 to 3, and a repeated index represents summation 
unless stated otherwise. 
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The deformation gradient FiA and Lagrangian strain EAB associated with 
the current configuration are defined as 
where comma denotes partial differentiation and 6AB is the Kronecker 
delta. 
(1) 
We assume the existence of a strain energy density W which gives the 
constitutive relation between the second (or symmetric) Piola-Kirchhoff 
stress SAB and the Lagrangian strain as 
SAB = Po~ • 
aEAB 
where Po is the mass density in the reference configuration. The 
relationship between S and the non-symmetric Piola-Kirchhoff stress 
(engineering stress) P is 
(2) 
(3) 
The acoustoelastic response is usually associated with a strain energy 
density of the form 
Po W = CABCD EAB ECD/2 + CABCDEF EAB ECD EEF/6 • (4) 
where the coefficients CABCD and CABCDEF are the SOEC and TOEC. 
respectively. The relation between S and E in Eq. (2) then may be written 
as 
SAB = CABCD !cD + CABCDEF ECD EEF/2 (5) 
This form of the constitutive relation involves two types of elastic 
constants -- those which are coefficients of the quadratic terms in the 
Lagrangian strain and those which are coefficients of the cubic terms. The 
SOEC are the usual coefficients associated with linear response (for 
example. the Lame constants A and ~ for isotropic materials). while the 
TOEC characterize the material's nonlinearity. In the following analysis. 
the SOEC and TOEC are assumed to be known. 
In the remainder of this work we restrict attention to orthotropic 
materials with uniaxial tension applied along one of the principal 
directions of anisotropy. say xl' Thus. 
Sll = Sl; SAB = 0 for all other A and B • (6) 
and 
EAB = 0 when AlB. (7) 
We also adopt the notation of Voigt in which a pair of indices is reduced 
to a single index according to the scheme AA ~ A and AB ~ 9 - (A + B) when 
AlB. The stress-strain relation is then 
SA = CAl E1 + CA2 E2 + CA3 E3 + (CAll E12 + CA22 E22 + CA33 E32 )/2 
(8) 
where A = 1.2.3. 
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Our evaluation of the expected variation in Young's modulus and 
Poisson's ratio results from the behavior of the stress as given by Eq. 
(8) during a uniaxial loading test. Let the current Young's modulus E(E1) 
and the current Poisson's ratios VA(E1)' A=2,3 be defined as 
(9) 
We assume that E1 and the elastic constants are known and that S2 = S3 = 
0, and seek the associated changes in Sl' E2' and E3' We have carried out 
this evaluation by expanding the variables Sl' E2 and E3 in power series 
in E1' then solving for the coefficients of the various powers using the 
symbolic manipulation routines in VAXIMA [3]. The contributions to these 
series of terms which are of second-order or higher in E1 are negligible, 
so that Young's modulus and Poisson's ratio are essentially linear in the 
axial strain. 
In performing the tests, the measured values are actually engineering 
stress P1 and strain eA' A = 1,2,3. The relationships between these 
quantities and the Lagrangian measures are [4] 
(10) . 
Further, the relation between the slopes of the various curves are given 
in [4] as 
~ =~ ~, (lE1 1 + e1 (le1 
where A 2,3 with no sUIIDDation, and 
(lSl 1 [ (lP1 - Pl ] (lE1 (1 + e1)Z (le1 1 + e1 
After P1 and eA are obtained from an experiment, Sl and EA can be 
calculated from Eqs. (11) and (12). 
EXPERIMENTAL SETUP AND RESULTS 
(11) 
(12) 
The material used for the evaluation of the higher-order effects on 
Young's modulus and Poisson's ratio was a rolled plate of 7039-T64 
aluminum studied by Springer [2]. Its nominal composition is 3.5-4.5% 
zinc, 2.3-3.3% magnesium, less than 0.4% manganese, copper j iron, silicon, 
chromium, and titanium, with mass density of 2750 ± 5 kg/m . The published 
tensile yield and ultimate strengths of this material are 350 MPa and 410 
MPa, respectively. Uniaxial loading specimens with uniform nominal 
cross-sections of 15 mm by 15 mm over a length 50 mm were machined with 
the specimen axes parallel to the rolling direction of the plate. Four 
sets of strain gages (T-rosette type) were mounted on each lateral side of 
the specimens to monitor axial and transverse strains. In order to 
eliminate bending effects two active gages were used in each Wheatstone 
bridge. A 20,000 pound uniaxial testing machine was used to apply the load 
to the specimen. All load cell and strain gage readings were made directly 
by a microcomputer through analog to digital converters. 
Following Springer [2], we let Xl' x2' and x3 be the rolling, plate 
normal, and transverse directions, respectively. The SOEC and TOEC of this 
7039-T64 aluminum have been previously found by ultrasonic techniques [2] 
and are shown in Table I. 
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Table I. Second-order and third-order elastic constants, CAB and CASe ' 
of 7039-T64 aluminum (after Springer [2J). All stiffnesses given 
in GPa. 
SOEC tOEC 
index constant index constant 
11 109.9 111 -1455. 
22 108.9 222 -1577. 
33 110.4 333 -1613. 
12 56.6 112 -373. 
13 56.9 113 -304. 
23 56.6 221 -335. 
44 26.2 223 -374. 
55 25.8 331 -410. 
66 26.8 332 -382. 
123 -64. 
144 -127. 
255 -131. 
366 -117. 
155 -279. 
166 -334. 
244 -291. 
266 -244. 
344 -286. 
355 -317. 
456 -109. 
The Lagrangian stress-strain curve in the xl direction for one of the 
7039-T64 aluminum specimens is given in Fig. I, where the dotted line 
corresponds to the experimental data and the solid line is the theoretical 
prediction calculated from Eq. (8), The difference between these two 
curves is primarily due to the difference in their initial slopes. Figure 
2 shows the transverse Lagrangian strains versus the axial strain for the 
the same specimen. In this figure, the solid line is for the transverse 
strain in the x2 direction and the dotted line is for the transverse 
$train in the x3 direction. Since all of the above curves are nearly 
straight lines, it is difficult to distinguish the changes in Young's 
modulus and Poisson's ratio by visual observation. 
Young's modulus at a point is defined as the tangent to the 
Lagrangian stress-strain curve in Fig. 1. This tangent is calculated from 
the experimental data by performing a linear least-squares fit to that 
point and the 19 successive points along the curve. We define the initial 
Young's modulus as the slope at the point of zero strain. The changes in 
Young's modulus are shown in Fig. 3, where the dotted line is the 
experimentally determined change and the solid line is the change 
predicted using the second- and third-order elastic constants given by 
Springer[2]. Using the same technique as in the calculation of Young's 
modulus change, Poisson's ratio changes with respect to axial strain are 
calculated. The results for the Poisson's ratio changes are shown in Fig. 
4. In this figure, the dotted line is the change in Poisson's ratio in 
the x2 direction, the dashed line is the change in Poisson's ratio in the 
x3 direction, and the solid lines are the predicted changes. The slopes 
and uncertainties of the curves shown in Figs. 3 and 4 are summarized in 
Table II. 
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Figure 1. 
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Stress - strain curve for 7039-T64 aluminum subject to uniaxial 
loading in the rolling direction. experimental data (dotted line) 
and prediction (solid line). 
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Figure 2. Transverse strain versus axial strain for 7039-T64 aluminum 
subject to uniaxial loading in the rolling direction; 
experimental data for strains in the plate normal direction (solid 
line) and transverse direction (dotted line). 
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Figure 3. Change in Young1s modulus in 7039-T64 aluminum during elastic 
deformation; experimental data (dotted line) and prediction 
(solid line). 
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Figure 4. Change in Poisson's ratios in 7039-T64 aluminum during elastic 
deforma~ion; experimental data for normal direction (dotted line) 
and transverse direction (dashed line), and predictions (solid 
lines). 
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Table II. Changes in Young's modulus and Poisson's ratio per unit axial 
strain in 7039-T64 aluminum. 
Data Type Young's Modulus Poisson's Ratio Change 
Change 
x2 direction x3 direction 
Experiment -11.8 ± 0.4 -8.8 ± 0.6 -3.0 ± 1. 
Theory -12.1 -9.4 -3.0 
Using Murnaghan's theory of finite deformation [5]. Powell and 
Skove[6] suggested that the appropriate relationship between the uniaxial 
stress Sl and strain E1 for a cubic crystal is 
§.1 + 
EO 
(13) 
where EO is the initial Young's modulus in the loading direction. and 6E' 
a nonlinearity parameter. is a combination of the SOEC and TOEC. This 
means that a large value of 6E indicates a large deviation from linearity. 
It is assumed that Eq. (13) is also adequate for 7039-T64 aluminum. When 
the experimental data are used in Eq. (13). 6E = 5.9 ± 0.2. This value 
agrees well with the predicted value of 6E = 6.0 computed from Eq. (8) and 
the SOEC and TOEC given in Table I. In the future. if the SOEC and TOEC 
of aggregate materials are given. the amount of change in Young's modulus 
(the deviations from linearity in the stress-strain curve. i.e .• 6E) and 
Poisson's ratio can be predicted. 
The SOEC and TOEC of a variety of single crystal materials may be 
found in [7.8]. Using the averaging technique given in [9]. we have 
evaluated the effective elastic constants of isotropic aggregates 
corresponding to each single crystal. Smith. Stern. and Stephens [10] also 
published the SOEC and TOEC of a variety of materials such as formed 
steel. aluminum. and magnesium. which are regarded as isotropic 
aggregates. Following the same process as for the 7039-T64 aluminum. we 
have calculated 6E and Poisson's ratio change per unit strain for the 
above aggregates. These changes are given in Table III. 
CONCLUSION 
Most metals exhibit some degree of nonlinearity in their stress-strain 
relation. While generally this nonlinearity results in changes in 
mechanical properties during which are fairly small. we have shown that 
the effect on Young's modulus and Poisson's ratio can be surprisingly 
large. Indeed. in most of the materials examined. the relative change in 
Young's modulus was on the order of 10 times the elastic strain. The 
magnitude of the effect can thus account for the fact that the reported 
moduli of aluminum alloys are given in both tension and compression. with 
the compressive modulus generally being 1% to 2% higher than the tensile 
modulus. 
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Table III. Nonlinearity par~eter 6E and change in Poisson's ratio per 
unit axial strain for various materials. 
Material 6E Poisson's ratio Reference 
Change 
Aluminum (high purity) 6.9 -4.6 [6,7] 
Aluminum (B53S p) 7.1 -6.4 [10] 
Copper 6.8 -4.5 [6,7] 
Germanium 3.5 -4.4 [6,7] 
Gold 8.0 -4.0 [6,7] 
Magnesium 6.1 -5.7 [10] 
Molybdenum (sintered) 4.3 -4.2 [10] 
Niobium 0.7 -5.2 [6,7] 
Nickel 5.3 -5.1 [6,7] 
Silicon 2.9 -3.3 [6,7] 
Silver 7.8 -5.3 [6,7] 
Steel (Helca 138A) 5.6 -6.0 [10] 
Tungsten (sintered) 4.3 -4.3 [10] 
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